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Abstract 

We discuss in this article the usefulness of the effective Lagrangians 
of QED and QCD within the one-loop approximation. Instead of calculating 
via complicated computations with Schwinger’s proper-time technique 
or Feynman graphs, we prefer to employ the energy-momentum tensor and 
the leading-log model. The advantage is that we do not have to demand the 
external electromagnetic or color field to be constant. There are also some 
critical remarks added which cast doubt on the use of .^qcd with covariant 
constant fields in explaining the nature of the QCD vacuum. 



0.1 Introduction 


In the first chapter we compile the most important results with regard to the 
effective Lagrangian in a constant electromagnetic field. Our objective is to find 
the Green’s function of a spin-^ particle in an external constant magnetic field 
that points in the z direction. This can be achieved with Schwinger’s proper¬ 
time technique. With the result we can compute the entire effective Lagrangian 
as a function of the constant {E,H) field. In this way we obtain the famous 
Heisenberg-Euler effective Lagrangian. We will then set up a relation between 
the effective Lagrangian and the trace of the energy-momentum tensor for con¬ 
stant magnetic and electric fields. Thereafter we give up the requirement that 
the fields be constant and allow for arbitrary varying fields. This is done in con¬ 
nection with the effective action for Yang-Mills fields. Rather than attempting 
to compute , we will make an ansatz motivated by the requirement that 
give the correct trace anomaly for the energy-momentum tensor. In this 
way we are able to construct the leading-log effective Lagrangian. Similar con¬ 
siderations are used to investigate the effective Lagrangian in QED. Finally we 
briefly study Adler’s leading-log model in QCD and state his result concerning 
the static potential between a quark-antiquark pair for long and short distances. 
Although the calculations are highly non-trivial, the results of the linearly rising 
potential for large quark separation and the Coulombic r~^ potential for small 
distances are very encouraging. 


0.2 Compendium of Useful Formulae|[DR85] 


We start with the Green’s function of a spin-^ particle in an external electro¬ 
magnetic field: 
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If we pick a special gauge field so that is constant, we obtain the closed-form 
solution 
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with 
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L{s) = -trln 


sinh(eEs) 


eFs 


and (j){x,x') = ^ with a straight path between x and x'. 

Our central subject of interest is the vacuum amplitude in the presence of 
an external field which, in the framework of a one-loop approximation for the 
effective Lagrangian, can be written as 
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Here G+ = G+[0] is the electron propagator in the field-free case, connected 
with G+[H] by 

G+[H]=G+(l-e7^G+)-i . (4) 

Furthermore, Tr indicates the trace both in spinor and configuration space. 

The one-loop effective action i.e., the effective Lagrangian is the 
formal expression for the effect which an arbitrary number of “external photon 
lines” can have on a single Fermion loop. 

The functional derivative with respect to the potential A^^ix) is given by 

=-etr[7'^G+(a:,a:;H)] . (5) 


This equation is fulfilled by the ansatz 


itF(i) :=i / = 


-Tr ^ 


where the proper-time representation of G+ [A] is given by 


G+ [H] 
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We can then write for the unrenormalized Lagrangian 


^(A{x) = -tr 




where the trace refers only to the spinor index. With this expression for 
we can show that 

i = tr G+(x,a:;H) . (9) 

Without further proof we also find for the trace of the energy-momentum tensor 
(T^(a;)) = —im tr G+{x,x] A) . (10) 

This leads us to the equation 

{T^{x)) =—imir{x\{—^ ■ A + m)i / “(' 1 ''^) )^ds\x) 
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With the former expression for ^A) obtain the useful equality 
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For a purely constant magnetic field the renormalized one-loop effective La- 
grangian is known to be 





{eHs) coih{eHs) — -{eHs)‘^ — 1 
o 


ds . 
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The integral can be explicitly calculated by dimensional or ^-function regular¬ 
ization. In the next chapter we will make the explicit expression for 
the starting point for our detailed discussion of the trace anomaly of the energy- 
momentum tensor in QED. 


0.3 The trace anomaly of the energy-momentum 
tensor from the one-loop effective Lagrangian 
in QED 


We already mentioned the close connection between the effective Lagrangian 
and the trace of the energy-momentum tensor: 
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For constant fields we have the expression 
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where 

with 
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The closed-form expression for an external constant iL-field only is 

given by 
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The result of the mass-differentiation turns out to be 
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This, by the way, is also the result of the calculation of the integral 
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Now observe that for <C 1 we can approximate lnr(/i) Ri — In/i, such that 
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which, when written covariantly, yields 

“ ^ ^ (r;) = - ■ 

We can also obtain the next-to-leading term, 

(T;) = /3(a 

by incorporating results for the two-loop calculation ^^2) ^ 

For large field strengths, ^ ^ 1, the dominant term is 

(r;)(ij) = , 

while for small field strength, ^ <C 1, we obtain, using Stirling’s (Moivre’s) 
formula for the logarithm of the T-function, 
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Interestingly, the first term in this expansion agrees with Schwinger ’s [Sch,^ 
from the Heisenberg-Euler Lagrangian: 
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In our present case we use h = c = 1, and for E’ = 0 we have E = — E^) = 

ii 72 andg = E ■ H = 0. 

Since we are interested in the trace of we obtain (in Schwinger’s nota¬ 
tion) 
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which for 5 = 0 indeed yields 
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Let us prove Schwinger’s formula. He starts with 
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(Note that in Schwinger’s formula the factor 2 is missing!) 
We need the following derivatives: 
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Hence we can write 
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Putting everything together we obtain 
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which is a gauge-invariant expression. 

Now, from the Heisenberg-Euler effective Lagrangian we are given 


^ = -F + C [47-2 -h 7g^] , C = 
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From this expression we obtain the derivatives 
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Finally we end up with 
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Let us put things together. Besides (TplH), we can easily produce the cor¬ 
responding result for a constant electric field by substituting H —>■ —iE. The 
result is 


{ti:ke) = 


127r2 471^ 

m'^ .eErn? 
4 'k'^ 2'k'^ 


In 


m 


— i- 


.eErrr 

4'k'^ 


In 


m 


/ irn^ \ 

1 , „ ' 

InT - 

-In 27r 

\2eE J 

2 


If we split this equation up into its real and imaginary part we obtain 
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The last expression can be simplified with the aid of 
iHelnr(fa) = In |r(za)| = 2 |r(*Qf)|^ = —- In 


i;sinh(T 


The result is 
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Let us study these expressions in the limiting case m 
employ the asymptotic formulae (for z <C 1): 
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(24) 

0. To do this we 


Inr(z) « Inz 

3mlnr(fz) « Cz, (C « 0.577216) 
In sinh z « In z . 


We then obtain 
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These three results are contained in 
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We thus obtain a confirmation of the more general formula (in one-loop approx¬ 
imation) 

{Tliix)) = -m{'4!{x)i;{x)) - {x) , (26) 

where limm->.o (rn{ip{x)ip{x))) = 0. 

Let us have a final look at 3m{TI^){E), and write it in units of := 

2 

and the electric field in units of Ecr Thus we obtain 


3m{Tp{E) 



Here we use ln(l — x) = — — 1 < a: < 1, which yields 


Jm{Ti:)iE) 
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For small values we find approximately (E <C 1): 

3m (r;)(F;) « --Ee-^ , (28) 

which goes to zero for i? —>■ 0. 

Our result can also be obtained by using the well-known formula (c.f. e“'" —e“ 
pair production) 
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We only need to write 
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Up to now, we have always restricted our calculations to the case of constant 
electric or magnetic fields. It can be shown, however, that the leading terms for 
strong Helds, i.e., those of order In FI or E"^ In E, are the same if the fields are 
not constant. This will be demonstrated in the next chapter, where we extend 
our discussion to the effective Yang-Mills field theory. 



0.4 The Effective Action for Yang-Mills Theory 


The effective action of quantum chromodynamics (QCD) for covariant constant 
color fields has been extensively treated in the literature by many researchers. 
But they rarely pose the question in how far their results are physically reason¬ 
able and applicable. If one assumes that the confinement hypothesis is correct, 
then no constant color fields can exist. Thus it would be physically senseless to 
study the effective Lagrangian (or the effective potential) in an exact covariant 
constant color field. If, however, we regard a color field that in an expanded, 
but limited space, can be considered to be approximately covariant constant, 
then one could suppose that in the space in question the effective Lagrangian 
can be approximated by the effective Lagrangian of a covariant constant field. 
Thus we try to extrapolate from the case of an unlimited, expanded covariant 
color field to the case of a color field that is in an expanded but limited space, 
approximately covariant constant. Upon looking more closely, it turns out that 
this procedure is physically unsatisfactory, because one first calculates the ef¬ 
fective Lagrangian for the covariant constant field configuration, which is not 
even theoretically feasible - this is forbidden by the confinement hypothesis - 
and then tries to extrapolate to a physical situation. For such an extrapolation 
from a nonphysical to a physical situation, one cannot expect that the result 
is in any way physically acceptable. Thus the results obtained for the effective 
potentials with covariant constant color fields should not be used to describe 
the nature of the QCD vacuum, but rather a transitional phase in the search 
for the true QCD vacuum. 

After this prelude we will return to the role of the energy-momentum ten¬ 
sor in Yang-Mills theory. Rather than attempt the difficult task of computing 
as done in [DR83| . we will instead make an ansatz. Our ansatz will be 
motivated by the requirements that {x) gives the correct trace anomaly 

for the energy-momentum tensor, and depends only on the algebraic invariant 
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so that 0)) has the usual form of the trace anomaly. Now we want to prove that 
these requirements are satisfied by the ansatz 
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The last term on the right-hand side uses the result 
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We also can verify that our ansatz = —^ ||^, t = I In satisfies the 


renormalization group equation 
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and from here 
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The effective Lagrangian is specified once we know Pig). For weak coupling 
we have 
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Consequently for large fields F^, the effective Lagrangian is controlled by per¬ 
turbation theory (asymptotic freedom) and is given by 
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By the way, in QCD we have 
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where 
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so that 
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Finally, let us write the leading-log effective Lagrangian in a form that will also 
be useful in QED: 


_^e// ^ _ 


1 1 


4g2(t) 




1 , F2 1 2(^2 - E^) 

1 := T In —r = T In ^- - 


^2 := = -2 = -2 ( F ;2 - ^ 2 ) . 

Then is given by 


^^ff=-\botF^+---=-y- 


r2i 


In ■ 




F2 


1 F2 

When we rescale g^ into the fields we obtain 
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This, by the way, is the same result that one obtains for covariant constant color 
fields. Special cases are given by 
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Since we obtain for the effective potential in QCD for 

SU{N = 3): 

V^f^{B) = \B^ l + |l(11.3_2iV^)ln^ . (40) 

Since —jF'^ = — i?^), we have for the color magnetic fields only B^ = ^F"^: 

'’" = 8^(y ' "=' ■ 

To find the minimum we take the derivative and set it equal to zero. 

The result is 

, ejgF)^ ^ _^ 
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From here we find the expression for V^^l{F) to be: 

V:!I{F) = ^{F^) l + ^6oln^h® 

= i(F^) 1 + ^In ^ + Ine 

= —-^( 01 ( 37 ^)^ 10 ) (= 0.7124- 10“^(0|(3F)^|0) for 3 massless flavours) 

= -12^ (“ - 5 "') 

= + 0{a^) . 

This result is consistent with the trace 

(o|t;|o) = i (^yfv - Inj'^ (o|^F;,i^“''^|o). (4i) 
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From Lorentz invariance T^,^{x) = const.and Too = e; therefore = eg^,^, 
and we obtain = 4e so that the lowering of the energy caused by non- 
perturbative fluctuations of the color field yields in the vacuum state 

" = • (42) 

For N = 3, Nf = 3 we have — |iVy) = 9. 

0.5 The Effective Lagrangian in QED 

We want to investigate the modification of Coulomb’s law for long and short 
distances. First, we will ask for the effective Lagrangian for weak, but otherwise 
arbitrary, fields. In the weak-field limit, /rn^ becomes small due to 

the smallness of a. This leads to the expression (wf = weak-field): 

^wf{^] = j = ^J Af^{x)U^^{x,y)A''{y)d*xd^y (43) 

for the weak-field limit of the one-loop effective action, where is nothing 
but the well-known order-e^ polarization tensor of QED. 

In momentum space it is given by 


n^i.(fc) = - k^k^) n(fc^) , 



As a consequence of the particular tensor structure of n^i,(fc), can be 

written in terms of F)i,y only and therefore is gauge invariant. 

Adding the classical Maxwellian term, we obtain for the real field effective 
Lagrangian 


■^wf 




i + fa r 

oTT J ^ ^ ^ 




(44) 


where, as usual, □ = —d^ -I- V^. 

The equations of motion resulting from this effective Lagrangian for the 
weak-field case are linear, because is quadratic in the fields. Next, let 

us apply to the Coulomb problem. Specializing to the static case begins 

with the variation 
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The variation then gives the equation of motion 


DW‘^A^{x) = -Mx) , 


where 
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Making use of the position space representation of the resolvent {t — V^) one 
can easily calculate the potential energy V = — f (A^)d^x associated with 
the interaction of two point charges. One finds 
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The second term in the brackets is the well-known Uehling correction to the 
classical Coulomb potential. V (r) was derived in the weak-field limit and thus 
should be valid at large distances. Because the equation of motion is linear, 
V(r) takes the form of a superposition of Yukawa potentials. 

The quantum mechanical correction to a many-particle static potential, 
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Now that we have established the Lagrangian and the (one-loop) correc¬ 

tion to the Coulomb potential for weak fields, we want to set up the generalized 
Maxwell equations for strong fields. The following calculations are justified by 
noting that the ansatz 
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leads to the correct trace anomaly of the energy-momentum tensor (c.f. 10.411 
One starts from the free Maxwell Lagrangian 
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and scales the electromagnetic coupling e out of the fields 
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giving 


V — _F 

“ 4e2 


Note that in the complete interacting QED Lagrangian this is the only term 
containing e, because the vertex now simply reads ipj ■ Aij) instead of ei />7 • Ail). 

The next step is to renormalization-group improve ^ by replacing e with 
the running coupling constant e(/r) to first order in a. To achieve this we make 
use of the scale variation of the gauge coupling constant |R.am97) 
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where /rg denotes an arbitrary scale. 

To prove this let us rewrite the last equation in the form 
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Let us rewrite our solution slightly: 
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So the scaling equation for := 47rQ!(/i) is given by 
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This equation has a singularity which follows from 
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which is solved by /i = /ige®^<''o) and is known as Landau singularity. Our 
scaling equation underlines the fact that the electric charge grows weaker and 
weaker at large distances (i.e., small scales), which means that the identification 
of the free Lagrangian (e = 0) in terms of physical photons is perfectly justified. 

In our application, where the fields are sufficiently strong so that fermionic 
masses are negligible, the length or mass scale is set by the magnitude = 
. Therefore we replace in the scaling equation by to obtain 


e^{F^) = 
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with an arbitrary integration constant and arbitrary reference mass /ig. After 
replacing by the field-dependent running coupling constant e^(F^) we obtain 


•^e// ~ 


4e2(F2) 

_i_P pMi" 


1 - 


24742 


The one-loop part is (we scale back e^(pg) := into the fields) 


F = 0: 


1 

B ^ -E : 
i 


pg = m : 




if(^)(F) 




1 c 


4 ' 247r2 


2 ^2p2 

Mg 


5( 


- F^ 


247r2 


In • 




247r2 


In 


aF2 

Gtt 


■ In 


{eBf 

Mg 

Mg 


aB^ eB 
674 pg 


OfF^ eF • e *2 

"eV'"' 

aE^ 


674 


Mg 

eF 74 
In — - -7 
2 


aF2 

674 


In 


eF 

Mg 


- £( 2 ^ 

Mg 



C>(F2) 


and this is our old formula for —>■ 00) which was formally derived for 

constant fields only. However, at no point in the above “derivation” of J§fdid 
we have to demand the fields to be constant; thus we may assume that is 
correct to order In F for arbitrary varying fields. 

Now that we have established the Lagrangian for strong but otherwise arbi¬ 
trary fields, we can set up the generalized Maxwell equations and try to solve 
them for a given source distribution. In general, they are of the form 


S 

SAfj,{x) 


jf(o) + JfW _ J^^M 


= 0 , 


(54) 


with given by its real part. Furthermore Jf^(x) = Jo{x)6f^ and E{x) = 

—VA°(x) (A° = (j)). This leads us to evaluating 


S 

SA0{x) 




12742 ^2 



d?x' = 0 , 


(55) 
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which is equivalent to 


^static — ext.^ 



1 -—In 
Stt 


e|WI 

w? 



cPx . 


(56) 


The variation of our (p then gives the local nonlinear differential equation for 
<t)=A°: 


dk 


dAf dAf 


d{dk<p) dp 


where 


^{p,dip) = ^dkpdkp 


1 -In ■ 


\dkp){dkp) 


Gtt 


— pJo 


dp 

dAC 

d{dkp) 


= -Jo 
= dkp 

= -Ek 


^ e‘^{dkp){dkp) 


Gtt 




Therefore 


dAf 

afcTTTTT-T = dk ( i-Ek) 


’ d{dkp) 


and thus V ■ 


1 - 


a , eif] ( OL ^\\ 


a a eE 

Gtt Stt mP 


LV <^1": 


E 


= Jo ■ 


Alltogether we have 

V-D = ,h, 


e{E) = 1 - ^ In ^ 
Stt 


D ■= e{E)E 
E = -Vp 


These are well-known classical equations from electrostatics of polarizable me¬ 
dia. Looking back at the microscopic origin of e{E), we see that the effect of 
the vacuum fluctuations of the electron field is such that the vacuum responds 
to an external electric field as if it were some sort of crystal which possesses 
a field-dependent dielectric constant. Obviously, Maxwell’s equations become 
nonlinear due to the logarithm in e{E). 

To summarize, we can say that in deriving V ■ D = Jq with D = e{E)E, 
we have solved the problem of finding the nonlinear generalization of Maxwell’s 
equations - the non-linearities being caused by the electrons, which are hidden 
from direct observation but which influence the dynamics of the field for a 
strong and static, but otherwise arbitrary, electrical field. 

To gain some insight into the effect produced by the nonlinear medium e(r), 
let us look at a specific example. We consider the case where Jq contains only a 
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single isolated charge Q at a; = 0 (together with a compensating spherical shell 


of charge — Q at infinity): 



Jo( 

x) = Q6{x) . 

(57) 

Making the spherically symmetric 

ansatz 


jJ = - r 

47r7-2 ’ 

r-\r\ 

^-47rr2^’ 

(58) 

the equation 



V 

• ID = Q6{x) 

(59) 


is solved, provided that the function Q(r) is a solution to the transcendental 
equation 

Q = • (60) 

The physical interpretation of Q(r) is that it is the charge lying within a sphere 
of radius r centered at x = 0. The value of Q{r) is always larger than Q because 
the vacuum polarization effects screen the charge. If we let r —>■ oo, Q{r) 
approaches the (macroscopically) observed charge Q. We thus got an implicit 
equation for the modification of Coulomb’s law by the electron fluctuations: 


E{r) = 


Q{r) 


One can show that when 


eQjr) 

4tt 


> 1 


(61) 


(62) 


the approximation of neglecting the nonlocal one-loop contribution in the effec¬ 
tive action becomes self-consistent. To see why this should be so, we note that 
because of the leading local but nonlinear correction to e. 




Xi = 


eQjr) 


(63) 


while for the leading nonlocal correction 


-—\ 11 X 2 

Stt 


= 


(v InA^y 


(64) 


so that ^ 1 is just the condition for Xi ^ X 2 , i.e., nonlinear local effects 

win out at short distances. 


0.6 Adler’s Leading-Log Model in QCD 

Here, the leading approximation to the effective action is obtained by replacing 
in the classical Lagrangian 

^ = 2? 

by the running coupling constant 

^ , 

j running 
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where 






yrunning 


1 + 


so that 


= At (e‘^-B 

2g^ V 




Here /x is an arbitrary subtraction point, = g‘^{g?), and &o is a certain constant 
one gets from calculating the one-loop radiative corrections, 


" 87X2 3 > 0 . 

Our formula for is applicable if grunning i® small: 


- i?2^ 


; S" - ) > /x^ 

E,B Ki 0 : g2 sniall, g^ < 0 . 
The variational equation will be 

5{E,B) 

and the static potential follows from 

^static extremum E Self energies 

A reminder: 


= 0 


( 66 ) 


(67) 

( 68 ) 


+j^A^ 


SW 

Jb 


j = 0 w = 


= 0^B = 0 W = 




E^ -B^] - pip 


d^x, W = 


^(Vpf - pp 


d'^x 


5W = 


Vp ■ VSp — p6p 


d'^x 


Thus Pextr. satisfies 'S/'^Pextr. = —p- 


A^extr. ■— A^\p>extr\ — 


= / \ —V‘^p — p]8pd^x = Q 


d^x 

d^x 

d^x 


-Vp-Vp- pp 


-\v{-p)- PV 


action 

T 


ppd^x = -Vstatic + self energies. 
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Before we continue, let us rewrite ^ in a more compact form (here we follow 
Adler and use F instead of so far). Using F := — B^, E = — Vtp, B = 

V X A we have 


^^f^{E) = UoF 


= \boF 


4 F_ 

g‘^{lF)bo ^ ^4 

_ 4 _ F' 

— Ine + In ^ 


= —boFln 


E 


tt I E 

= -boln 
8 eK 


8 " 

2 ’ 


where k,^ is the constant 


n 


2 


//^_ 4 

—e 

e 


This constant, k, is a combination of /r and of g^{y?). However, is renormalization- 
group invariant (to one-loop order), so that k is a physical parameter, whereas 
/r is an unphysical parameter. We recall: 


Then we obtain 







1_4 

— g ^0 9'^ 

e 


dg, \ bog'^ 


g 


(69) 


1_4 

= -e *’os Ag 




-^&o3 


= 0 


The graph of Af ^ is shown in fig. [TJ 
The minimum of is given by 

^Fln — = (FlnF — Flne«:^)^ = InF -|-1 — IneK^ 

= In F — In = 0 

^ Fmin = = —e ^09 -Hh-‘^) , 5o > 0 . 

e 

The renormalization group argument says that Jjf®-^'^(F) is a good approxima¬ 
tion in a region for strong fields and a region close to the origin for very weak 
fields. Around the minimum, the approximation is not reliable. But what is re¬ 
liable is the fact that the minimum is away from the origin where the interesting 
structure of the model comes from. Now we have 

= J - p>f] d^x , ( 70 ) 
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Figure 1: Schematic graph of . The dashed line represents classical action. 


with 

p{x) = Q 5^^\x — xi) — {x — X 2 ) 
The variational equations come from 


(71) 


d'^x 


^ : V • ^ = 0 

diVp) dp 

^ dAf d^F 

or V • —i-=;- \-p = 0 

d^F diVif) 


= -E 




d^F 

-1- =Vm = -E 

d{Vp) 


=4> V ■ eE = p 
5^{x) _ f d^{x) SBjjx) 


dx 


5Ai{z) J dBj{x) 5Ai{z) 

f dAf{x) d^F S 


d^F{x) dBj{x) SAi{z) 


-jmn 


draAn{x)dx 


= J{-eBj){x)ejmnSindmS{x - z)d: 
= J dm{eBj){x)ejrmS{x - z)dx 

— ^ijmdmi^Bj')(^z') = V X {cB) 

V X (eS) = 0 


= 0 


e{F) := 




_ 1 

OaF) ~ 4^° 


Fin- 


F 






(72) 
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Figure 2: Scaled permettivity function e as given in Eq. ca). 


Now the equation 

V X (eB) = 0 (73) 

is solved by eB = 0. 

Thus there are two branches we have to consider here: 

B = 6, or (74) 

e = 0, i.e., at F = - ^2 = ^2 _ 

Near the source charges, where the fields are strong, asymptotic freedom tells 
us that the solution will look like the Abelian case. This means the electric field 
be big and the magnetic held should be zero, or small: 

B = 6 : F = E'^ = (Vv?)2 , E = -Vip . 

Now dehne 

D = e{E‘^)E = e{{Vpf)E , 

together with 

V-3 = p 

V X F = 0 . 


Thus, we now have a non-linear dielectric problem. 

As S. Adler [AdlSlj has shown, the leading-log model gives us a qualitatively 
correct, and semiquantitatively accurate account of the qq force. He shows in 
a highly non-trivial calculation that as the distance between the quarks R = 
\xi — X 2 I —>■ 0,oo, one obtains 


ystatic{R) kQR + O , i? —>■ OO 


^static{R) t 




AirR^bo 


+ 0 


/log log 1 


In 


(ip.) 1 ’ ‘-s’ 


, R^ 0 


with Ap = 2.52y/K for the parameter values Q = ^bo = gpj appropriate to 
SU{3) with 3 light quark havors. 


23 













Bibliography 


[Adl81] Stephen L. Adler. Effective-action approach to mean-field non-abelian 
statics, and a model for bag formation. Physical Review D: Particles 
and Fields, 24, 1981. 

[DR83] W. Dittrich and M. Reuter. Effective QCD-lagrangian with C-function 
regularization. Physics Letters B, 128(5):321-326, September 1983. 

[DR85] Walter Dittrich and Martin Reuter. Effective Lagrangians in Quantum 
Electrodynamics. Lecture Notes in Physics. Springer, 1985. 

[PT78] H. Pagels and E. Tomboulis. Vacuum of the quantum Yang-Mills the¬ 
ory and magnetostatics. Nuclear Physics B, 143(3):485-502, October 
1978. 

[Ram97] Pierre Ramond. Field Theory: A Modern Primer. Westview Press, 
second edition, 1997. 

[Sch51] Julian Schwinger. On gauge invariance and vacuum polarization. Phys¬ 
ical Review, 82(5):664-679, June 1951. 


24 



